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Role of the Initial Temperature in the Equations of State of an Elastic Dielectric*
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Partial differential equations are derived which describe the initial-temperature dependence of the
equations of state of an elastic dielectric. These equations are applied to the case in which the equations
of state can be represented by polynomials of degree 2 in the independent field variables—the displacement
gradient and the electric displacement field. The special case of material symmetry m3m is introduced and
applied to NaCl. It is found that for this crystal the initial temperature and the temperature of the system
play equally significant roles in the equations of state.

I. INTRODUCTION

N this paper, we discuss the role of the temperature
of the reference or initial state—the so-called initial
temperature—in the equations of state of materials.?
We shall be concerned only with the static elastic,
dielectric, and thermal properties and we shall restrict
the discussion to the case in which these properties are
described by the following fields—the displacement
gradient, the electric displacement field, the electric
field, the absolute temperature, the entropy density, and
an energy density.

The first part of the paper, Secs. II-1V, deals with
the partial differential equations which describe the
initial-temperature dependence of the equations of state.
These equations are applied, in Secs. V-VII, to the case
in which the equations of state can be represented by
polynomials of order 2 in the independent field variables,
namely the components of the displacement gradient
and the electric displacement field. In Sec. VIII, we
discuss the special case of a polynomial representation
with material symmetry m3m. Section 1X contains a
discussion of the implications of the initial-temperature
dependence of the coefficients describing a polynomial
representation. In the final section, Sec. X, we apply
the results of Sec. VIII to the special case of NaCl and
show that the initial temperature and the temperature
of the system play equally significantly roles in the
equation of state.

II. DEFORMATION

The deformation and displacement of an elastic
dielectric are completely described by two fields: (a)
the set of position coordinates X;(=1, 2, 3) specifying
the positions of the volume elements making up the
body in some initial or reference state and (b) the
analogous set of position coordinates x;,(i=1, 2, 3)
describing their positions in the final configuration of
interest. We shall suppose that x;, X; are measured in
the same rectangular coordinate system. Set

where #; are the components of the displacement vector.

* Supported in part by the National Research Council of
Canada.
1R. A. Toupin, J. Rat. Mech. Anal. 5, 849 (1956).
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If we regard the #; as functions of the X;, then

ax,' a%,'
()G
0X; 0X;

where §;; is the Kronecker delta. (dx;/9X;) and
(0u;/0X;) are, respectively, the deformation and dis-
placement gradients. We shall use the latter quantity
to describe the deformation. Let us introduce a second
initial state described by the set of coordinates X,/ and
define the corresponding displacement vector as above;

X;= X/—l— ’Mi, . (3)

Since Egs. (1) and (3) refer to the same volume element,

)

Xitu=X/4u/ )
and, hence,
ou; 6ui’ an’
T
0X; X, 0X;

where the Einstein summation convention is used here
and in all later expressions. We set (du.,/dX;)=u;,
(0us'/0X;)=u;, and replace (5) with
). €%
wij=(8at+u") (——> —045-
0X;

7

(6)

Consider now a set of zero-stress states of the
dielectric, obtained by heating the sample and at the
same time keeping it free of applied surface tractions
and electric displacement fields. Provided rigid transla-
tions and/or rotations of the sample are excluded, this
set of states is uniquely determined by (a) the choice of
zero-stress state prior to the heating and (b) the thermo-
elastic properties peculiar to the sample. Within the set,
each state is uniquely specified by its temperature 6. In
what follows, we shall only use initial states which are
zero-stress states!* and we shall only consider changes of
initial states involving two zero-stress states belonging
to the same set in the sense described above. (Thus, we
specifically exclude trivial changes of initial state
achieved by rigid translations and/or rotations of the

1 For a general discussion of the initial-configuration dependence
of the equation of state, see W. Noll, Arch. Rat. Mech. Anal. 27,
1 (1967).
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sample). Let us choose a zero-stress state as the initial
state and let its temperature be denoted by ;. We shall
assume that the properties of the dielectric are such
that the displacement gradients describing the deforma-
tions of the remaining zero-stress states of this set are
uniform, i.e., (8%,/0X;0Xx)=0 for all 7, 7, &, and X.
Thus, if we denote the displacement gradient of a zero-
stress state by <v;;, we can then write the position co-
ordinates in these states in the form, Eq. (1),

xi= (8t vi) X;.
74 is the thermal expansion tensor. It is a function of

the zero-stress state of interest and the initial state, i.e.,
vi5=7:(6,8;). In particular, since x;=X; when 6=46;,

v:(0:,0,)=0, foralli, j. )

Similarly, for some other choice of initial state with
temperature 8/, we have

xi=[0:+v:(6,6/)1X, (8a)

with
vii (6,6)=0.

Equation (6) holds for all states; when applied to zero-

stress states, we find )

’ 7 an
v:i(8,05) =[dax+va'(6,0:)] —6;(_) — 835.

i

In particular, by (7),

7

0X;
vii(0,05)+6i5= (——) .
X

j

(8b)

Eliminating (9X'/9X;) from (6) by means of (8a),
we get
wii=war [yri(64,0)+ 8 14-vii(64,05) - ©

Equation (9) describes the transformation law for a
change in initial state. The inverse transformation is

wi' = [ua—ya(8:,0:) JAr;(6,65) 5 (10)
where A,; is the inverse tensor to 874, i.e.,
(8t (6,6:) JA;(0,0:) = 8:5. (11

III. EQUATION OF STATE

It is a characteristic of theories™™ of the elastic
dielectric that the stress vector t° describing the surface
tractions satisfies a boundary condition of the form

(12)

where 7;; is some tensor function of the field components
chosen to describe the response of the dielectric and the
n; are the direction cosines of the outward normal at
the point of interest at the surface.

We shall assume that the independent field variables

0= rjin;,

2 R. A. Toupin, Int. J. Eng. Sci. 1. 101 (1963); see also Ref. 1.
3 A. C. Eringen, Int. J. Eng. Sci. 1, 127 (1963).
47]. Grindlay, Phys. Rev. 149, 637 (1966).
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are the displacement gradients #;;, the electric displace-
ment field components D;, and the temperature 6; we
then write

755= 1§45, D5,6,0;) , (13)
E,‘= Ei(u,'j,D,ﬁ,Oi) ) (14)
o'=0’(u:;,D:,0,05) (13)

where E; and ¢’ are the electric field components and
the entropy density (per unit mass), respectively. We
shall regard Eqgs. (13)-(15) as equations of state. It is
clear from the following remarks why the initial tem-
perature 6; must appear as an explicit argument in the
functions 74, E;, and ¢’; the values of the displacement
gradients are functions of 6; whereas the values of 7,
E;, and ¢’ in any given state cannot depend on 6;;
therefore, the functions in (13)-(15) must contain an
explicit 6; dependence sufficient to cancel the implicit
0; dependence introduced by the u;. This argument
provides the basis of the analysis given below.

The equation of state (13) has some unusual aspects:
(i) The field 7,; is defined only on the surface of the
dielectric; (ii) the function 74 is in general a function of
the #;, the direction cosines of the normal to the surface
at a point in question; (iii) there are nine 7;;s and nine
#;s, but in the region of a state with D;=0(:=1, 2, 3)
we cannot, in general, invert Eq. (13) to obtain a
unique equation of state for the #,;.

The last two points are best illustrated by considering
a particular form for the 7;;. From Refs. 4 and 5,

oF
Tij= P(—> (856 +ujx)

Uik

DpAD A
—l: +3(EV+Ex4) (DkV—DkA)]aij , (16)

260

where p is the mass density, F the free energy density,
and ¢y the permittivity of free space. The superscripts
V and A refer to the field values in the dielectric and
vacuum, respectively. The quantity in square brackets,
and, hence, 7, is a function of the »; because D;4 and
E;4 are related to D;” and E;¥ by the boundary condi-
tions 7,(D;¥ —D;4)=0 and e;jx(E;¥ —E;4)ny=0, where
e;;n is the Levi-Civita density.

To prove (iii), consider the case in which D;Y=0
(i=1, 2, 3); then, since F is a function of the u;
only through the six Lagrangian strain components?
1= 5 (i +wjitwan;),

(iF‘)(ﬁfk i) =%(££)[(5ik+uik)(5ﬂ+uﬂ)

0tk Nkl

+(batua) Gntup)]. (17)
Hence,
(18)

Tiil DV=0= Tjil D;V=0,

5 J. Grindlay and A. R. Redlack (unpublished).



1 EQUATIONS OF STATE
i.e., the functions 7;; are symmetric. Set
ij—7ii(wi, Di¥,0,0:) = fij.
From (18), the Jacobian
0(f11, fo2, f33, f12, f13, fo1, fas, f31, f32)

a(M11,u22,uss,%12,u13,1421,1423,1431,%33)

vanishes when D;V=0 (i=1, 2, 3); therefore, in the
region of any state with D,;V=0 (i=1, 2, 3), there is no
unique inversion® of Eq. (13) for the #;;’s in terms of the
7;7°s. This result is particularly relevant in the theory of
the elastic dielectric because it is customary to represent
the functions 7;; by a truncated power series in #;; and
D;" about the values #;;=0, D;"=0, and, hence, from
the comments made above, we see that we cannot invert
this series to obtain the #;’s in terms of the 7;’s.”

It has been remarked above that the value of 7
cannot be a function of the choice of initial state, i.e., of
;. Thus, if we choose to describe the deformation of
some state relative to two different initial states 6;, and

6., we must have
Tij(%kl,.Dk,o,ai)E r,-j'(ukl’,Dk,G,O,-’) y (19)

where uy; and u;,” are related by Eq. (9) and 7,5 is the
function appropriate to the equation of state for which
the displacement gradients are measured relative to the
primed initial state. Substituting for u; from (9), we
write (19) in the form

Tij{‘)’kl(oi,,ai)‘[‘ulcm’[aml",‘")’ml(oi,rei)l Dk: 0; 01'}
= n/(ukl’,Dk,(),ﬁ/) . (20)

Let us differentiate both sides of this identity with
respect to ;, holding 6/, 8, Dy, and uz;" constant; hence,

o7 0Yr1 0Ymi
( ]) ('—‘(oi/,oi)+ukm, (05',0i))
Ouri/ p,o,0;\ 96; a0;

9744
+ ) -o.
30; /D0

Substituting for #,’ from (10),

a7if 0Ymi

( ) [Anm(oi',oo—(e/,oi)]
Ouri/ p,6.6; a0;

97y

) =0. (22)
30;/u,p.6

Equation (22) holds for all values of Dy, #xn, 0, 8;, and 6,
The variable 6; occurs only within the square bracket

ey

6 See, for example, G..A. Gibson, Advanced Calculus (Mac-
Millan and Co. Ltd., London, 1948), Chap. 5.

7 The occurrence of a symmetric ;; does not reduce the number
of independent boundary conditions because the 7;; appear as
linear combinations in these conditions [see Eq. (12)].
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and, hence, this combination of quantities is independent
Of 0.',.
We set
’ a’le ,
Apm(B: ,05);(01' ,0:) =Ar(6),

k3

(23)

where A4, is a tensor function with a single temperature
argument. Using the properties of Arm, Eq. (11), we
solve for (8ymi/6;):

dvij
j(@i’,ﬂi) =Ai(0:)+vi(0,0:) Ari(05) . (24)

K3

It is clear that the prime and the subscript in the first
temperature argument in v;; is redundant in (24), as
these equations hold for all 8/, i.e., all temperatures.
With the introduction of the tensor 4.;, Eq. (22) takes
the form

0745 97
duri/ p,o,0; 00:/p,6,u
Similar considerations for E; and ¢’ yield
J0E; JdE;
(_> Anl(01)<5kn+ukﬂ)+<—__> =0 5 (26)
0uri/ D6, 99;/D,6,u
o’ dd’
(-) Anz(oi>(akn+ukn>+(—> ~0. @)
Ouri/ p,6,6; 30:/p,0,u

Equations (25)-(27) are partial-differential equations
describing the 6; dependence of the functions 7;;, E,
and o’.

IV. THERMAL EXPANSION

In this section, we discuss Eq. (24) and its solution.
Let f:;(6;) be a second-rank tensor which is a solution
to the equation

dfii

— =—Au(6;) fri(0:). (28)
db;
Set
vii(8,0:) = pir(6,05) fri(0:) (29)
where
fii(0s) fir™1(0:) = i« (30)
Then, from (28) and (29),
0vij Ouix
! (H,Bi)=<L(0,0¢)>]’k,~—1(0¢)
i a0;
Fuin(0,0:) fri(0:)A1;(6:) . (31)

Substituting for v;; and its derivative from (29) and
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(31) in (24), we obtain

a(0:) f1;(64)

or

i
vij<e,oi>=< / Auwi>fzk<ei>dei)fkrl<ei>, (32)
']

since 'y.-j(0,~,01~)=0. The integrand in (32) is -dfm/dal
and, hence,
v4i(60,0) = fu1(0:) f;(6) — 6. (33)

Thus, the demands placed by Eq. (24) on the thermal
expansion v;; are satisfied if and only if v, can be
expressed in terms of a function of a single argument as
shown in (33).

V. POLYNOMIAL REPRESENTATION

To explore the demands of Egs. (25), (26), and (27),
we represent the functions 7,5, Z;, and ¢’ by the follow-
ing polynomials:

7:j(k1, Dy 0,0:) = 75;°F Cojitticr—hiji D CijrimnWrithmn

+2bijrimtbii Dt qijiiDeDy,  (34)
Ei(t31,D1,0,0:) = EL—hrgittsa+tBiDi+bitmnithitthmn
+2GrisurDitniDiDi,  (35)
o’ (i1, Di,0,05) = 0o’ — #:;%:;— ELDi— % jnimna
+hijpuiDi—3B5D:D;. (36)

-r,, is the thermal stress, c;jz: the elastic stiffness %;;z,
h“k the piezoelectric coefﬁCIents, Cijkimn the nonlinear
elastic coefficient, ¢,z and G the electrostrictive
coefficients, E,° the thermal electric field, 8;; the dielec-
tric permeability, and oo’ the entropy density in zero-
displacement gradient and zero-electric displacement.
The remaining coefficients have not, to our knowledge,
been named. The 6 and 6; dependence of the functions
745, Ei, and ¢’ is contained in these coefficients. As Egs.
(34)-(36) stand, the only relations between the co-
efficients are

Cijkimn= Cijmnk1, @3 7)
Qijkt™= Qijtk » (38)
Brimni=bmnti, (39)
Cijrr=Crtij s (40)
Bij=Bs:. (41)

With the introduction of an energy density, further
identities occur and these (see below) suggest the
introduction of the factor 2 and the use of the tilde and
circumflex notation in Eqs. (34)-(36).

Inserting these polynomial representations into the
partial-differential equations (25)-(27) and treating
u;; and D; as independent variables, we obtain the
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following differential equations:
o7;°
( " ) “+cijridri(6:) =0, (42)
Ak
< ) +Cz]knA ln(01>+2Cz)mnklAmn(0z) 0 (43)
ijm
< . ) 2bijkimAr1(0;) =0, (44)
IOE®
< 0 ) l,AH(ﬂz) 0, 45)
ahknz
( 0. ) +hklz nl(e) mellcnz ml(et) 0 (46)
a8
<66 ) +2glcl1]Akl(6 ) 0 (47)
1/ 0
60'0
(ae ) Pe411(0:) =0, (48)
/0
970
( 0. ) +7:°A4 j1(05) +ér1s;411(0:) =0, (49)
AES
i/e

These results are exact, in the sense that the introduc-
tion of higher-order terms in the representations given
in Eqgs. (34)-(36) would not affect the form of Egs.
(42)-(47). The equations for the 6; derivatives of
Cijkimny Qijhty Qishty Dijkim, buklmr Nijky Cijrty Mijr, and ﬁu
contain the coefficients of the set of next-higher-order
terms. Equations (42)-(50) describe the demands im-
posed by (25), (26), and (27) on the representations in
(34), (35), and (36).

We note that the thermal expansion vy,; at a point on
the surface of the material satisfies the equations
im:=0 with D;=0 (j=1, 2, 3). For the polynomial
representation (34), we then have

0= (7> +Fcijrrymrt-Cospimnyrryma)ns, §=1,2,3. (51)

For systems which possess homogeneous zero-stress
states, this set of equations determine the 7,;.

VI. ENERGY DENSITY

The introduction of an energy density leads to rela-
tions between the coefficients describing the equations
of state Egs. (34)-(36). We shall restrict the discussion
to the case of the relations sa,tlsﬁed by the coefficients
i’ Cijity Pijey B, }lwky Bijy T4 Ep P hwk: Cijr, and ﬂu
Consider a free-energy density F(u;;,D;,0,6;). The equa-
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tions of state take the form

oF
m=p( ) (ye-Faua), 52)
Oz D,§
r <6F> (53)
i=p| —— 3
0D/ ¢4
oF
U'=-<—> . (54)
(")6 w,D

In writing (52), we have arbitrarily neglected® the
Maxwell stress (the square bracket in Eq. (16)); thisis a
valid procedure in some circumstances.? The free-energy
density F(u;,D;,0,0;) is invariant in form and value
with respect to arbitrary changes in axes; hence,
F=F(ﬂif:Hi;a:0i)0)7 where nijz%(uij'l'uji'i'uliulj)’ IT;
= (8;5+u:7)D;, and a=D;D;.! In a polynomial repre-
sentation of F, the argument « is redundant. We set

0ol (14,115,0,0:) = poF o+ H 1.* i+ H i ' I1
+%Hklmnz"]klnmn_"Hklm377lem+ 3H T, 00,  (SS)

where po is the mass density in the initial state and
Fy=F(0,0,6,6;). The Hjym,’s have the following

properties:
Hyp’=Hyl, (56)
Himn®*= Honit?= H kinm?>= H tgomn?, (57)
Hind=Hpn®, (58)
Hyt=Hyt. (59)

Inserting this representation for F into (52)-(54) and
comparing it with (34)-(36), we find that

i’ =H ., (60)
comr= Higu—H 050+ H %0+ Ha%y),  (61)
—hige=Hiji*~+-H 6, (62)
E=H, (63)
—hijp=H i3 H 6., — H .16, (64)
Bi=H ", (65)
ao'= —(9Fo/30)s,, (66)
#:°=(0H ;;°/ 36)e,/ po, (67)
E0=(0H */38)s,/po, (68)
hajr=—(9H 4%/ 36):/ po, (69)
o= [(0H 311%/ 36)o,+ (0H ;°/ 36)9,8:1 1/po, (70)
Bi;= (0H 11/ 36)s,/po. (71)

8 The extension of the calculation to the case of nonvanishing
Maxwell stresses is straightforward, in principle, but tedious to
carry out explicitly.

? J. Grindlay, in Proceedings of the International Meeting on
Ferroelectricity, edited by V. Dvorak (Czechoslovakian Institute of
Physics, Prague, 1966), p. 433.
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From (60), (65), (67), (69), (71), and the properties of
the Hjrm®’s, Eqs. (56)-(59), we deduce that

=1, By=Bi, (72)
2= 10, hip=hja, (73)
Biy=PBis. (74)

These conditions on the coefficients appearing in (34)-
(36) are a direct result of the introduction of an energy
density. It is clear from Egs. (60)-(71) that the 6;
dependence of 7., kix, etc. may be deduced from the
0; dependence of the H;;%’s and conversely.

VII. MATERIAL SYMMETRY m3m

In this section, we apply the results obtained above
to the special case of material symmetry m3m. For this
symmetry, the tensor invariants of odd rank vanish
identically and those of even rank are invariant under
the coordinate transformations x;— %2, %2 — —uxy,
x5 — x3 and x1 — %3, X2 — X3, 3 — x119; hence,

(i) T110= 722" = 7330 (75)

and the remaining elements vanish (similarly, for
Hijo, Bz’jy T;'jo and 181.7)
(i)  Guu= Josee=Gssss
?1122= ?22111' (?233: (Zsmz (%2311: 9:1133 (76)
d1212= 2121 = ¢3131= (1313~ (2323 = ({3232
Qr212=Go112= 3113= Q1331= J2332= (3223

and the remaining elements vanish (similarly for ¢;jx;)-

(iii) q1111= @2222= (3333
q1122= §2211= (2233~ 3322~ 3311~ (1133 (77)
G1212= 21217 §3131= 1313~ (2323 3232

= 12217 @2112= (3113 (1331 2332 = (3223

and the remaining elements vanish (similarly, for
H,'jkz and E{jk).

We shall assume that the thermal expansion tensor
vij 1s an invariant of the symmetry group m3m!l;
hence, we set

Yii=Y0ij,
where
v=Lf6)/f(6:)—11, (78)
Eq. (33), is a root of
0= 71"+ (61111+ 261122)7+ (C111111+ 4Cri1100
+2C112233+20112222)’V2, (79)

[see Eq. (51)7]

0 R. R. Birss, in Reports on Progress in Physics, edited by A. C.
Strickland (Institute of Physics and Physical Society, London,
1963), Vol. XX VI, p. 307.

11 The v, of a material in a given zero-stress state is the thermo-
dynamically stable root of Eq. (51). Thus, it is possible for v;; to
display a lower symmetry than the material symmetry of the
coefficients 7%, ¢ijri, and Cijrimn.
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Fic. 1. Sketch of the family of curves ci;x1(6,8:)
versus @ with parameter 6;.
For m3m, Eqgs. (42)-(50) take the form
9111
( ) +4 11(0.') (61111+261122) =0 y (80)
a0; /¢
dc1n
= ) F+A11(0:)[c1111+2(Cr111nn+-2C111122) ] =0, (81)
i/e
dc1122
2 )+A11(0i)[61122+2(C111122+C112222
i /o
+C112035) ]=0, (82)
Jc1212
" )+A11(0i)[61212+2(C121112+C212111
i /o
+Co11233) ]=0, (83)
dBu
———) +2411(0:)(Gr111+2G2211) =0, (84)
30; /4
600'
(-—*) —711°41:(8:) =0, (85)
30: /6
( )+A 11(0:) (F11° 1111+ 2¢1192) =0, (86)
with
Au=—(df/d6;)/f, (87)
and
(0v/98:)s= Anr(0:)(1+7). (88)

The symmetry properties of the Cyjrima are discussed
in Appendix A.
We now solve Egs. (80)-(82) to obtain the explicit
6 and 6; dependence of 71,°. Set
c= (61111+ 261122) )
C= (C111111+4C111122+ 2C112233+ 20112222) . (89)

Then, Egs. (79) and (80) and the sum of (81) plus twice

J. GRINDLAY AND C. C. HUANG 1
(82) read
0=7u"+tey+Cv?, (90)
d111°
( ) +A116=0, (91)
i/
dc
(—) +Au[c+2CT=0. 92)
30:/ ¢

Equations (90), (91), and (92) have solutions of the form
711°(8,0:) = [f(6:) — 1(6) J(6)

X{(O)+3Lf(0)—f(0) T}, (93)
o(6,6:) =k(6) 1(6:){h(0)+L/(6:) — 7(6) 1} , (94)
C(6,0:)= k() f*(6:)/2 (95)

(see Appendix B). k(6) and %(6) are arbitrary functions.
Inserting the expression for 711 from (93) in (85) and
integrating with respect to 6;, we get

o0 (6,6:) = k(6){[/2(6) —3.(6) ] In /(6:)
+ f(6)LA(0)—h(6) I+ f*(6:)}+4(6), (96)

where g(6) is an arbitrary function of 6. Equations (78)
and (93)-(96) show how the 8 and 6; dependence of 7,
1% ¢, C, and oo’ may be expressed in terms of four
single variable functions f, %, k, and g. These are the
only conclusions of this kind that we have been able to
draw from Egs. (80)—(86).

With the introduction of the free-energy density
representa.tion, (55), 7“110, C1111, C1122, C1212, ﬁu, ?110, and
B satisfy the following equations [see Eqs. (60)-(71)]:

m’=Hu®, #1°=(0H1%/860)s;/po, 97)
Bu=Hu', Bu=(0Hn"/80)s/p,  (98)
cun=Hun’+Hi, (99)

¢un=[(0H 111%/86) 0,4+ (0H11°/ 86)4,1/po
cr120= H1192*— H11° ) C1192= (3H11222/69)0,-/Po ) (100)
61212=H12122+Hu°, (101)

¢1o19=[(0H 1212%/38) 0,4 (0H 11°/ 36)6, 1/ po -

Using these identities, we now show that Eq. (86) can
be derived from (80). This appears to be the only effect
the introduction of F has on Egs. (60)-(71). Inserting
#11% ¢11, and é11ze from (97), (98), and (99) into Eq.
(86), we have

1 dr/0H,
— ”*I:( ) +A4u(0)[2H 1"+ Hiin*+2H1nz"]
[}

Po a0 60.
H;1,°3po
— ——) =0. (102)
Po a0,

dpo
—> =3poA11,
d0;

Now,

(103)
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(see Ref. 12) and, hence, Eq. (102) can be written in
the form

1 dr/0HnK"
- —[( ) +A41(6:)
po 0L\ 90; /4

X[—H11°+H11112+2H11222:|] =0. (104)

On inserting 711% cun, and crze from Egs. (97), (99),
and (100) into the left side of Eq. (80), we obtain
precisely the quantity in square brackets in Eq. (104);
hence, Eq. (86) is equivalent to Eq. (80).

VIII. DISCUSSION

In this section, we describe some of the implications of
the 6; dependence of the equation of state. The discus-
sion will be restricted to the case of the elastic stiff-
ness Cijkl.

We have seen in the previous sections that, in general,
the elastic stiffness must be regarded as a function of
two variables, 6, the temperature of the state of interest
and 6, the temperature of the initial state. In Fig. 1, we
have depicted a family of curves c;ri-versus-6, with
parameter 6;. Experimentally, we would expect to get
one curve of this family from a set of static measure-
ments in which stresses are applied isothermally and the
resultant changes in lengths and/or angles (relative to
some initial state) are recorded. In contrast, in a
dynamic measurement of ¢;;x;, the sample is induced to
vibrate about the stress free state at the temperature
of interest and this measurement, therefore, yields—
after the transformation from adiabatic to isothermal
constraint is carried out—c;;:(6,6). This function is
clearly not a member of the family c¢;;z:(6,6;) sketched
in Fig. 1. We must, therefore, conclude that static and
dynamic measurements give different 6 functions for
cijri. In particular, the slopes of the curves ;= const and
0;=0 are (861111/60)5,- and (d61111/d0) = [(661111/30)o,~
—+ (dc1111/98:)6 ], respectively. It is shown in Sec. IX
that, in the case of NaCl, the difference between these
quantities is significant.

IX. NUMERICS
From (83) and (84),

1 /dcun 2(Crinn+2C1a1122)
— >=~-A11 1+ ) (105)
cun\ 09; /g C1111
1 /0B 241
— ———) =— [G1111+2G1122] - (106)
B\ 90; Bu

12 The value of the mass density cannot be a function of the
choice of initial state and, hence, Eq. (25):

(9p/0ur1) A n1 (0:) (Brn—+urn) -+ (3p/36;) =0.

Now, p=po[ 1 —u:;+0(uijur1) ], where po is the mass density in the
initial state described by 6; and, hence,

—pod s (6:) + (3po/36:) =0.
When 4;;=A41;;, we obtain (103).
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We expand f(f) in powers of (§—6;) and use the
approximation

FO)=f(6)[1—a(0—0:)]; (107)

hence, from (87) and (88),
An=—a, (108)
v(0,0:) = (6—6,). (109)

Thus, « is the coefficient of linear expansion. In the case
of NaCl, the parameters appearing on the right of (105)
and (106) have the following values:
=—4X1075 °K!, (RT, Ref. 13)
Bu= 0.17/60 s (RT, Ref. 14) y
guu= —2/&*, (0°K, Ref. 15),
q1122=0.26/€0*, (OOK, Ref. 15) y
cun=4.9X ou dyIl/CIIl2 y (RT, Ref. 16)
C111111= —58)(1011 dyn/cm2*, (RT, Ref. 17)
C111122= —5.8X 1010 dyn/cm2*, (RT, Ref. 17) .
RT stands for room temperature. The asterisk indicates
theoretical values. With these data and Egs. (105) and

(106), we can calculate (dc1111/96:)/c1111 and estimate
the value of (9B811/96;)/B11 at room temperature; hence,

1 /dcun
— ) = —48X10~4°K-1,  (110)
cun\ 09; /4
1,98 ‘
-—( ”) — —7X10-4°K-1, (111)
B\ 90: /4

Overton and Swim (Ref. 18) and Robinson and Hallett
(Ref. 14) report the following room-temperature values
(Ref. 19):

1 fdenn\*
——( ) —8X10-+°K-1,
do

C1111

1 fdBu
_(—) =—(5.9X10-9°Kt.  (112)
Bu

do

( 131;.)P. M. Meincke and G. M. Graham, Can. J. Phys. 43, 1853
1965).
14 M., C. Robinson and A. C. Hollis-Hallett, Can. J. Phys. 44,
2211 (1966).
15 J, Grindlay and H. C. Wong, Can. J. Phys. 47, 1563 (1969).
16 J, K. Galt, Phys. Rev. 73, 1460 (1948).
17 P, B. Ghate, Phys. Rev. 139, A1666 (1965).
18 W, C. Overton and R. T. Swim, Phys. Rev. 84, 758 (1951).
18 Robinson and Hallett measured the permeability at constant
(zero) stress, i.e., (9E;/dDs)se. Standard arguments for m3m
symmetry yield

(9E:/0D5),0=B~+ (qu111+2G1122) 7.

See, for example, J. Grindlay, An Introduction to the Phenomeno-
logical Theory of Ferroelectricity (Pergamon Press, Ltd., Oxford,
1970). With the constraint §=6;, y=0and, hence, (0E;/3D;)+,0=0.
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Both measurements were carried out dynamically (i.e.,
6=6;); this fact is indicated by the use of the total
derivative notation (see Sec. VIII). The superscript ad
denotes the adiabatic value; it is superfluous in the case
of the permeability but not in the case of the elastic
stiffness cu11 of NaCl (see reference in footnote 19).
Since the adiabatic correction for cijinn is small, we
conclude from these results that, for NaCl at room

temperature,
’<acnu> \(361111) I
00; /ol I\ 00 /o1’
Kaﬁu) ‘(3511)
00: /4 I\ 00 /s,

APPENDIX A

and

The nonlinear elastic coefficients Cijrwsy, Eq. (29),
can be written in terms of the H;;*’s, Egs. (49) and
(50); we find

Cijvwa:y: %[Hijo(]vwxy‘f"]xva)
FH %0005 H 05200 — 8vw(H ;%0 10+ H y %84,
— 0y (H ;%050 H :°070) + H 1wy *0 02— H ij2y 00
—H 3500800y H yjv8iatHowjoy 60
FH yivi?8jot Howiey?8j0 ]+ Hijowz)®, (A1)
with

J1u11=Ja290=J3333=1 )

J1122= Joo11= J1133= S 3311= S 2233= S 3300 = J1201= S o112
— — — — —1.
= J1351= J3113= Jo330= J 3203=3;

the remaining Jywzy’s vanish.
The coefficients Cij,wey have the property that
Cijvw:cy: Cijzva: Cjiv'w:cg/ . (A2)
The first equality holds as a result of the definition of
these coefficients, Eq. (29), and the second equality
results from the introduction of an energy density
together with the demands of rotational invariance [see
discussion under (iii) in Sec. 1].
For material symmetry m3m the C;jywzy are invariant
under the transformations x;— %3, X2 — —x1, ¥3— &3

GRINDLAY AND C. C. HUANG 1

and x; — %, ¥2 — ¥3, X3 — %1; hence,’

C111111=‘5111111154‘%1‘111112 )
Cii122= H1111225+%(H11222‘H11112—Huo)
C221111=111111225—%H11222+Hu° )
Crio12= H111012°+ 2H 1912+ %H11220+H110 ,
Cron112= H1112125+%(H12122+H11222—H110> )
Crio112= H 111012+ H 12122+ %Hu0 )

C122111= C212111= H1112125+ %Hull2 5
Cora315= H1213235+H12122+%H110 )

Cizso13= C123231= H1213235+ %5712122 )

Coi1235= Cro1233= H1212335+%(H11222*H12122—H110) )
C331212 = H1212335+%Hlmz2 ’
Ciso110=H o103+ 5H 11,
(:’221212=111212225"1[‘%Huu2 )

—_ 1
C332211 - H1122335 _‘H11332+ iflll0 .

The remaining coefficients, which cannot be obtained
from these results using the subscript interchanges
quoted above, vanish identically.

APPENDIX B

To solve Egs. (90)-(92), we first eliminate 711% v, and
C between Egs. (88) and (90)-(92) to get

'+ CI(3A n—4 11'/A 11)+ 241,%=0 y
where ¢’ = (dc/36;)s, etc. We set

(B1)

c(0,0,)=k(0) exp—-/H(H,Gi)dei,

where £(6) is some arbitrary function of 6. Then, H(6,6;)

satisfies the Ricatti equation
H'=II2—(3A11—A111/A11)H+2A112- (BZ)

A particular solution to this equation is H = 41;; hence,?

c(6,6)="k(60) f(6:){h(8)+[f(6:)— f(6)]}.  (B3)
With this solution, we may then deduce expressions for
711% C; hence,
11°(6,6,) = [ f(6:) — /(6) % (6)
X{n(O)+3Lf(6)—f(0) ]}, (B4)
(0,69 =k(0)1(6)/2. (BS)

2 H. T. H. Piaggio, Differential Equations (G. Bell and Sons,
London, 1952), Chap. XV.



